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Abstract

What, if anything, should one infer about the causal effect of a binary treatment on a
binary outcome from a 2 x 2 cross-tabulation of non-experimental data? Many researchers
would answer “nothing” because of the likelihood of severe bias due to the lack of adjustment
for key confounding variables. This paper shows that such a conclusion is unduly pessimistic.
Because the complete data likelihood under arbitrary patterns of confounding factorizes in a
particularly convenient way, it is possible to parameterize this general situation with four easily
interpretable parameters. Subjective beliefs regarding these parameters are easily elicited and
subjective statements of uncertainty become possible. This paper also develops a novel graphical
display called the confounding plot that quickly and efficiently communicates all patterns of
confounding that would leave a particular causal inference relatively unchanged.
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1 Introduction

What, if anything, should one infer about the causal effect of a binary treatment X on a binary
outcome Y from a 2 x 2 cross-tabulation of non-experimental data? As an example, consider Table
Which presents data that might be relevant to test the so-called “jury aversion” hypothesis (Oliver
and Wolfinger, 1999)). This table presents data on citizens’ perceived source of jury lists (X = 0:
sources of jury lists do not include voter lists, X = 1: sources of jury lists do include voter lists) and
voter registration (Y = 0: citizen did not register to vote, Y = 1: citizen did register to vote) from

a study by Oliver and Wolfinger| (1999). One might be tempted to infer that since the estimated

Y =0 Y=1
Did Not Register | Did Register
to Vote to Vote
X=0
Perceived Source of Jury Lists 19 143
Does Not Include Voter Lists
X=1
Perceived Source of Jury Lists 114 473
Does Include Voter Lists

Table 1: Perceived Source of Jury Lists and Voter Registration Among Citizens With Some Self
Reported Knowledge of How Jury Lists are Constructed. Fach entry is the number of citizens in
that category. Data from Table 2 of Oliver and Wolfinger| (1999). An additional 639 citizens (46%
of total) responded that they did not know the source of jury lists.
probability of registering to vote given X = 0 equals 143/(19 + 143) ~ 0.88 and the estimated
probability of registering to vote given X = 1 equals 473/(114 4 473) ~ 0.81, perceiving voter
lists to be a source of jury lists decreases the probability of registering to vote (among those with
some knowledge of how jury lists are formed) by about 7 percentage points. Is this a reasonable
inference?

Most scholars would argue that this would not be a reasonable inference. Since it seems likely

that many variables that are common causes of both X and Y—such as occupation, education, civic

involvement, etc.—are omitted,r'_-] the naive estimate of a 7 percentage point effect is likely biased.

'Such omitted variables are often referred to as confounders. When it is not possible to measure all such con-
founders some say that unmeasured confounding is present. Rigorous definitions of these concepts are somewhat



Many researchers would go on to say that not much of anything could be said about causality
from this table because of this bias. While there are certainly aspects of truth to the position
that unmeasured confounding invalidates many attempts at causal inference, it turns out that it is
possible to learn some things about the size of the causal effects of interest regardless of the nature
and degree of the unmeasured confounding. For instance, [Manski (1990) derived bounds for the
average treatment effect under very general assumptions and showed that, in the case of binary
treatment and outcome, the width of these bounds is 1E] Since the average treatment effect can
take values between -1 and 1, Manski’s bounding interval always includes the null value of no effect.
Manski| (2003)) has also shown how auxiliary assumptions can narrow this bounding interval.

While this is clearly important work in that it provides a very precise statement of what the
observed data alone can tell one about the causal effects of interest, it does not go quite as far as
many social scientists would like on two counts. First, it provides absolutely no guidance as to where
within the bounding interval the causal effect of interest is likely to be. Some may believe that
all values within the interval are equally likely but, as we will see later, such a belief will often be
inconsistent with reasonable beliefs about the nature of the unmeasured confounding. Second, the
standard approach pursued in |Manski (1990) is a large sample approach that does not account for
sampling Variabilityﬂ This makes the interpretation of bounds derived for sparse tables somewhat
unclear.

This paper address these issues by doing the following. It reduces the case of arbitrary unmea-
sured confounding with binary treatment and binary outcome to its most basic, yet still general,
form. It does this in a way that provides a readily interpretable parameterization of the key quan-
tities. It then shows how a Bayesian prior distribution can be placed over the four free parameters
that govern the type and extent of the unmeasured confounding. If one is willing and able to use

background knowledge to make some (possibly weak) assumptions about the nature of the unmea-

involved. Interested readers should consult |Pearl (2000).
2For related work see [Robins| (1989); Manski| (1993} 2003); Imai and Yamamoto| (2008) and [Balke and Pearl| (1997).
3But see|Imai and Soneji (2007)) for an approach based on the bootstrap that does account for sampling variability.



sured confounding, sharp posterior estimates of causal effects are easy to calculate. Since these
assumptions are formalized within the Bayesian framework, subjective uncertainty about causal
effects is calculated in a logically coherent manner. The end result is a procedure that allows
researchers to make probability statements about the likely size of causal effects based on the evi-
dence in a 2 x 2 (or 2 x 2 x K) table regardless of the sample size and the amount of unmeasured
confounding. It thus directly addresses the shortcomings of the traditional bounding analysis.

The reasons for developing this approach to analyzing tabular data are three-fold. First, 2 x 2
tables are widely used (particularly in older work) and it would be useful to know how a rational
person should interpret the information in these tables. Second, once the simple 2 x 2 case is
understood it is easy to extend the main ideas in this paper to more complicated settings with binary
treatment and outcome and measured categorical confounders. Interestingly, while conditioning
on a measured confounder may make prior elicitation easier it does not change the large-sample
nonparametric bounds on the average treatment effect. Thus the benefits of adjusting for multiple
measured confounders when substantial unmeasured confounding is believed to be present may be
fewer than many researchers seem to believe. Finally, to the extent that many political scientists are
primarily interested in the sign of hypothesized causal effects, a well-designed (Bayesian) sensitivity
analysis may provide them with stronger evidence for or against their hypothesis than the results
from a small number of regression or matching analyses. Indeed, this was the motivation for what
is commonly believed to be the first sensitivity analysis (Cornfield et al., 1959)E]

The approach presented in this paper is related to, but distinct from, many sensitivity analysis
methods that can be used to see how particular departures from the experimental ideal impact point
estimates of causal effects. Typically, such approaches attempt to directly model the confounder-
outcome association and the confounder-treatment association (Schlesselman, |1978; Rosenbaum
and Rubin, |1983a; Lin et al., 1998). Such approaches require the practitioner to make assump-

tions about (a) the nature of the confounding variable (whether it is univariate/multivariate, dis-

4See [Lin et al| (1998), p. 948.



crete/continuous, etc.) as well as (b) the association between this assumed confounder and outcomes
and treatment status. Needless to say, it is very difficult for most practitioners to think coherently
about the nature of the unmeasured confounder(s) and the resulting (conditional) associations.
Other approaches reduce the sensitivity analysis to an examination of changes in a scalar param-
eter that can be varied by the researcher |Rosenbaum| (1987, 2002alb). While this makes it much
easier to move forward with a sensitivity analysis, the interpretation of this scalar parameter is not
always as transparent as it might seem (Robins|, 2002). The approach developed in this paper is at
least as (sometimes more) general than the approaches described above and it also only requires
researchers to specify their beliefs over easily interpreted quantities.

The work that is most similar to this paper is Chickering and Pearl| (1997). That work relies on
similar ideas to develop a Bayesian approach to the related problem of analyzing experimental data
with non-compliance. A major difference between the two approaches is that the data of interest for
this paper admit a much simpler factorization that makes prior elicitation and inference much more
straightforward. A much smaller set of free parameters need be considered here and Markov chain
Monte Carlo methods are not necessary for inference. This makes it possible to write easy-to-use
open source software for prior elicitation and inferenceﬂ Thus, the methods in the current paper
are much more likely to be successfully used by empirical social scientists. Relatedly, the structure
of the current problem allows for a novel graphical display called the confounding plot that (a) is
quick and easy to compute, and (b) shows the entire range of possible types of confounding that
would not appreciably change a given causal inference. This simple graph is so easy to generate
and so informative that there is no reason it should not be a part of every analysis that attempts
to make causal inferences from a 2 x 2 table.

The paper proceeds as follows. In Section [2| we introduce the necessary terminology and nota-
tion and then show how posterior inferences can be constructed from a 2 x 2 table with general

unmeasured confounding. Section |3 shows how causal quantities of interest such as the average

5This software takes the form of an R (R Development Core Team) [2007) package named SimpleTable. This
package is available at http://cran.r-project.org/web/packages/SimpleTable/index.html.
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treatment effect and the relative risk can be written in terms of the model parameters from Section
Large sample nonparametric bounds on these causal quantities are also derived in this section.
These bounds coincide with those of Manski (1990)) although the derivation is slightly different.
Section M| discusses the choice of prior distribution for the model parameters and then describes
a simple posterior sampling algorithm that does not require Markov chain Monte Carlo. Section
describes the construction and interpretation of the novel confounding plot discussed above. In
Section [6] we revisit the example data in Table Here we see how defensible prior beliefs can
be operationalized in a prior distribution over the model parameters and what this implies for

inferences about a possible jury aversion effect. The final section concludes.

2 Terminology, Notation, and the Probability Model

Consider the situation in which one is interested in assessing the causal effect of a binary
treatment variable on a binary outcome. We let X; € {0 (control), 1 (treatment)} denote the
treatment status of unit ¢, ¥; € {0 (failure), 1(success)} denote the observed outcome from unit
i, and ¢ = 1,...,n index individual units. Throughout the rest of the paper we will assume that
(X;,Y;) for i = 1,...,n are independent replicates drawn from some joint distribution Pxy. We
use the notation z; and y; to denote individual realizations of X; and Y; and x and y to denote the
n-vectors of these realized values.

We adopt a counterfactual causal model that is consistent with the work of |Rubin| (1974} [1978);
Robins (1986) and |Pearl (1995| 2000) (see also Holland| (1986) for a general review and Morgan
and Winship (2007) for an introductory treatment from a social science perspective). We adopt
the notation Y;(X; = 0) and Y;(X; = 1) to denote the value of unit i’s outcome variable if X;
is set equal to 0 and 1 respectively by an outside intervention that leaves all pre-intervention
variables unchanged. Unit-level causal effects of changing X from 0 to 1 on Y in unit ¢ are
defined in terms of comparisons of Y;(X; = 0) and Y;(X; = 1). Since unit ¢ cannot simultaneously

receive both treatment and control, one of Y;(X; = 0) and Y;(X; = 1) is a counterfactual quantity.



Throughout the rest of this paper we will refer to Y;(X; = 0) and Y;(X; = 1) as potential outcomes
or counterfactual outcomes.

Rather than focusing on unit-level causal effects, we will concern ourselves with aggregate
effects within some collection of units. Here, interest centers on the post-intervention distribution
Pr(Y(X =z) =y) for x = 0,1 and y = 0,1. The post-intervention probability Pr(Y (X = z) = y)
gives the probability that the outcome variable from a randomly chosen unit will take value y when
the unit in question is assigned X = =z.

Causal quantities of interest such as the average treatment effect

ATE =Pr(Y(X =1) =1) - Pr(Y(X = 0) = 1)

and the relative risk

can be defined in terms of the post-intervention distribution.

Note that the post-intervention distribution depends on counterfactual outcomes and is gener-
ally not equivalent to P(Y = y|X = z). This conditional distribution can be calculated directly
from Pxy. This latter distribution is sometimes called the pre-intervention distribution. While the
pre-intervention distribution Pxy can be consistently estimated without maintaining untestable
assumptions, the post-intervention distribution can only be estimated consistently if untestable
causal assumptions are maintained (Rubin, 1978; Holland, [1986; Robins, [1986; [Pearl, |1995. 2000).

Specifically, if one is willing to assume that treatment assignment is strongly ignorableﬁ and
what [Rubin| (1980} 1986) has called the stable unit treatment value assumption (SUTVA)|Z| holds,

then the post-intervention probabilities are given by the pre-intervention conditional probabilities

SFormally, strong ignorability of treatment assignment means that [Y(X = 0),Y(X = 1)] 1L X. In words, the
(counterfactual) joint distribution of potential outcomes is independent of treatment. Somewhat more intuitively,
strong ignorability of treatment assignment means that a unit’s potential outcomes do not depend on whether the
unit is assigned to treatment or control. Note that this does not imply that the observed outcome Y is independent
of treatment X.

"SUTVA has two parts. To quote Rubin| (1986): “SUTVA is simply the a priori assumption that the value of ¥
for unit v when exposed to treatment ¢ will be the same no matter what mechanism is used to assign treatment ¢ to
unit v and no matter what treatments the other units receive, and this holds for [all units and all treatments]” (p.
961).



of Y given X:

Pr(Y(X =z)=y) =Pr(Y =y|X =2x). (1)

Estimates of Pr(Y = y|X = z) and hence Pr(Y (X = x) = y) can be constructed in the usual ways
from the observed values of X and Y.

In a well-run randomized controlled experiment, strong ignorability of treatment assignment
and SUTVA are likely to hold because of the design of the experiment. However, in situations
other than the ideal experiment the assumptions necessary for the equality in Equation [1] to hold
are unlikely to be satisfied. Thus, causal inferences made directly from the observed cell frequencies
in 2 x 2 tables of non-experimental data are unlikely to be accurate.

However, in most applications it is generally believed that some (potentially unobservable)
collection of variables U exists such that treatment assignment is conditionally ignorable given UE|
If one is also willing to assume that SUTVA holds, one can write the post-intervention distribution
as:

PriV(X =2)=vy) = /Pr(Y =yl X =2,U=u)dPy (2)

where Py is the distribution of U (Rosenbaum and Rubin) [1983b; [Pearl, [1995). Note that U
may well be multivariate, continuous, and may well be unobservable. It is common to say that
U contains a set of confounding variables. Similarly, one often says that confounding is present
when one needs to adjust for U as in Equation [2 Heuristically, one can think of U as containing
variables that are common causes of X and Y.

If one is willing to assume that U is rich enough so that the potential outcomes are a determinis-
tic function of x; and u; a tremendous simplification becomes possibleﬂ While U may be extremely
complicated, the binary nature of treatment and outcome implies that the domain of U can be

partitioned into four equivalence classes depending on the pattern of potential outcomes associated

8Formally, [Y/(X = 0),Y(X = 1)] IL X|U. Here strong ignorability of treatment assignment holds within each
level of U.

9Such an assumption is actually not a strong assumption since, as we will see below, u need not be observed
for the main results that follow. Further, most counterfactual causal models (see Rubin| (1974} [1978]); [Pearl (2000))
explicitly assume deterministic potential outcomes at a conceptual level.



}/Z(Xl = 0) E(Xz = 1) Zi
0 0 0 Never Succeed
0 1 1  Helped
1 0 2  Hurt
1 1 3

Always Succeed

Table 2: Possible Patterns of Potential Outcomes and Coarsest General Confounding Variable. A
unit ¢ for which Z; = 0 has a value of U; that causes it to always have Y; = 0 regardless of the
(counterfactual) value of X;. We say these units are “never succeeders”. If Z; = 1 we say that
unit 7 is “helped” by treatment because its potential outcome under X =1 is equal to 1 (success)
while its potential outcome under X = 0 is 0 (failure). If unit ¢ has Z; = 2 we say that ¢ is “hurt”
by treatment because its potential outcome under X = 1 is equal to 0 (failure) while its potential
outcome under X = 0 is 1 (success). Finally, if Z; = 3 we say that i is an “always succeeder”
because its value of U; is such that Y; will always equal 1 regardless of the (counterfactual) value
of Xz

with each point in the domain of U (Angrist et all [1996; Balke and Pearl, 1997} |Chickering and
Pearl, 1997). We introduce a new categorical variable Z; that labels these equivalence classes. The
values of Z; along with the associated patterns of potential outcomes are presented in Table
Since Z is defined in terms of the value of the potential outcome pairs it is clear that conditional
ignorability holds given Z. We assume that (X;,Y;, Z;) for all i are independent replicates from
some joint distribution Pxy z. If Pxyz is known, one could write the post-intervention distribution
as
3

PriY( X =z)=y) = ZPr(Y =yl X =2,Z=2)Pr(Z = z).
z=0

where the probabilities on the right-hand-side of the equation above can be calculated directly
from Pxyz. Similarly, if a sample was available from Pxyyz, one could use the sample values of
(x,¥,2) to consistently estimate Pxy 7z and to then use this estimate to construct an estimate of the
post-intervention distribution. Needless to say, it is extremely unlikely that applied researchers in
the social sciences would find themselves in the situation where Z; is observable for any 7. Without
data on Z it is impossible to consistently estimate Pxyyz. Nevertheless, there is some information
about Z in observed (X,Y’) data sampled from Pyxyz. The goal of this paper is to show how this
information can be combined with subjective background knowledge to yield causal inferences from

2 x 2 and 2 x 2 x K tables even when the confounding variables in U are not measured.



In what follows, we begin by specifying a probability model for the very unlikely situation where
(x4,9Yi, 2;) are observed for all i. While this situation will not occur in practice, it does serve as a
starting point to deal with the realistic situation of z being completely unobserved. We deal with
this more realistic situation in Section[2.2] Once again, the goal of this paper is to demonstrate how
the situation in which z is completely unobserved can still be analyzed so that accurate statements
of subjective uncertainty regarding causal effects can still be made.

2.1 z Completely Observed

The goal here is to make inferences about the form of Pxy 7 and to then treat causal quantities as
functionals of this distribution. We adopt a Bayesian approach. While Bayesian procedures have
a number of advantages (Bernardo and Smith| 1994 |Gelman et al., 2003; |Gill, |2007), the main
reason for taking a Bayesian approach in this paper is that it allows us to incorporate background
knowledge about the (potentially unobserved) confounder Z in a principled fashion (Kadane and
Wolfson), 1998; Western and Jackman, 1994; |Gill and Walker, 2005). We begin by discussing
the likelihood function and then discuss our choice of prior distribution along with the resulting

posterior distribution.

10



2.1.1 Likelihood

Assuming that (X;,Y;, Z;) for all i are independent replicates from some joint distribution Pxy z

we can write the likelihood as:

p(x,y,2(0,%) = [ [ p(zi, vi, 216, 9)

=
—_

n

(4, i 0)p(2i|wi, yi, )

-
I
—

I(2;=0,y,=0) pl(2;=0,y;=1) yl(z;=1,y;=0) pl(z;=1,y;=1)
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=

1
wggxi:()vyi:mzi:l) (1 _ woo)ﬂ(wizo,yl‘:o,zizo) X

.
Il
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I(z;=1,y;=0,2;=2) I(z;=1,y;=0,2;=0
1Oz i i (1_,(/}10)(1 Yi i )X

I(z;=1,y;=1,2,=3 (z;=1y;=1,z;=1
o (1 — gy )@= twi=tz=l)
_ (9(%)0+93;01+ 9%0+0ﬁ11+w(%001 (1 - ¢00>0000w8013(1 - ¢01)C’012 %

1%102(1 _ ¢10)0100¢ﬁ113(1 _ ¢11)C111 (3)

where I(-) is the indicator function, Cyy, = >0 Iz = z,y; = x,2; = 2), Coy = > iy Lz =
r,y; = ), 000, 001, 010,011 > 0, oo + o1 + 010 + 011 = 1, and oo, Yo1, Y10, %11 € [0,1]. Note that
Cyy- is the number of cases in cell (z,y, z) of the 2 x 2 x 4 contingency table for (X,Y,Z) and that
Cyy+ is the number of cases in cell (z,y) of the 2 x 2 marginal table for (X,Y).

We emphasize that, after assuming that X and Y are binary and (X;,Y;, Z;) are independent
replicates from Pxyyz, we have made no assumptions about the form of Pxyz. Any logically
consistent distribution Pxyz and any form of confounding among independent replicates can be
captured by particular values of @ and . This probability model for (X,Y, Z) is thus completely
general and nonparametric.

While this model for (X,Y, Z) might seem to contain a large number of parameters that are

difficult to interpret it is actually the case that there are a relatively small number of free parameters
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Parameter ‘ Probability ‘ Interpretation

Oy Pr(X;=xzY, =v) Probability X; is equal to x and Y; is equal to y
Yoo Pr(Z; =1|X; =0,Y; =0) | Probability i would be helped by treatment
given ¢ not treated and i failed

1 — oo Pr(Z; = 0|X; =0,Y; = 0) | Probability ¢ would never succeed

given i not treated and 7 failed

o1 Pr(Z; = 3|X; =0,Y; = 1) | Probability i would always succeed

given i not treated and 7 succeeded

1 — o1 Pr(Z; = 2|X; =0,Y; = 1) | Probability ¢ would be hurt by treatment
given ¢ not treated and ¢ succeeded

10 Pr(Z; = 2|X; = 1,Y; = 0) | Probability i was hurt by treatment

given i treated and ¢ failed

1 — 110 Pr(Z; = 0|X; = 1,Y; = 0) | Probability ¢ would never succeed

given ¢ treated and ¢ failed

Y11 Pr(Z; = 3|X; =1,Y; = 1) | Probability i would always succeed

given i treated and ¢ succeeded

1—¢11 | Pr(Z; =1|X; =1,Y; = 1) | Probability i was helped by treatment
given i treated and ¢ succeeded

Table 3: Interpretation of Parameters in the Model for (X,Y,Z). The i indices denote a randomly
selected unit.

that are easily interpretable in terms of conditional and marginal probabilities. Table [3| provides a
summary of the key parameters and their intuitive meanings.

Here we see that there are two key sets of parameters 0., and v, for x = 0,1 and y = 0, 1.
The 6 parameters govern a multinomial distribution for the distribution of (X,Y") after Z has been
marginalized out of Pxy . For instance, 6p; is thus the probability that X = 0 and Y = 1 averaged
over all 4 levels of Z. The ¢ parameters govern the conditional distribution of Z given X and Y.
Note that because of the definition of Z (see Table [2|) only 2 values of Z are logically possible given
any admissible (X,Y) pair. For instance, if X =0 and Y = 1 then Z must be equal to either 2 or
3. The distribution of Z; given X; = x and Y; = y is thus Bernoulli with parameter 1,,. Keeping
with our example, ¢y; gives the probability that Z; = 3 given X; = 0 and Y; = 1 while (1 — ¢p1)
gives the probability that Z; = 2 given X; = 0 and Y; = 1. The other conditional distributions for

Z given X = x and Y = y are similarly parameterized.

12



2.1.2 Prior and Posterior Distributions

Bayesian inference centers on the posterior distribution of @ and 1) given the observed data.

The posterior distribution is given (up to proportionality) by:

p(0,¥y,x,2) x p(y,x,2|0,9)p(0,v)

The likelihood p(y,x,z|@,1) was given in the previous section. What is still needed is a spec-
ification of the prior distribution p(@,). A natural choice for the joint prior distribution of @
and 1 is to assume that @, g, 1¥o1,%10, and 17 are mutually independent a priori and that
0 ~ Dirichlet(ago, ao1, a10,a11), Yoy ~ Beta(byy,cqy), for £ = 0,1 and y = 0,1. This is the
conjugate prior distribution for this model. As we will see below, this prior specification will al-
low us to think of the hyper-parameters ayy, byy, and czy for x = 0,1 and y = 0,1 as additional
“pseudo-observations”. This makes the prior distributions more easily interpretable, which is quite
important for the current application where inferences will typically be quite dependent on the
prior.

Using the prior specification discussed above, we can write the posterior density (up to propor-

tionality) as:

Coo++aoo—1 5Co14++a01—1 5Cro++a10—1 )Cr1++a11—1
p(0,9|x,y,2) o by o1 019 011 X

Coo1+boo—1 C —1,,Co13+bo1—1 C -1
Q1)00001 00 (1_w00) 000+C00 w01013 01 (1_w01) 012+Co1 X

w%lOQ"FblO_l(l - w10)0100+01071wﬁ113+b11—1(1 _ 1/}11)0111+011*1 (4)

This is just the product of a Dirichlet distribution and four beta distributions. Note the similarity
of the posterior in Equation [4 to the likelihood in Equation [3] Specifically, note that our prior for
0 is serving to add an additional (agp—1) (X = 0,Y = 0) pairs, (agp1 —1) (X =0,Y = 1) pairs, etc.
to the dataset. Similarly, our prior for v is adding an additional (bgp — 1) (X =0,Y =0,Z =1)

triples, (coo — 1) (X =0,Y =0,Z = 0) triples, etc. to the dataset.
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2.2 z Completely Unobserved

We now analyze the case in which the confounder Z is never observed in the sample data. Given
the definition of Z, we expect that all applications will fall into this category. While inference in this
situation relies critically on untestable assumptions about the relationship between Z and (X,Y)
it is the case that there is some information in the observed Cy,+ counts as to the distribution of
Z in the population. Further, in many cases, there will be enough scientific background knowledge
such that ¥ can be given a defensible subjective prior distribution.

2.2.1 Likelihood

Let Z; denote the set of possible values Z; could take given the observed data on unit ¢. More

formally,

{0,1} ifa; =0, y; =0
{2,3} ifa; =0,y =1
(0,2} ifa; =1, ;=0
{1,3} ifwi=1y=1

Z =

We can then write the likelihood as:

(X Y‘G Z p xuyi;zi’e?w)
€Z;

Vs ::]:

p(wi, yil0) ¢ > p(zilwi, yis )

i=1 2, €2,
n
_ I(z;=0,y;=0) pl(z;=0,y;=1) pl(z;=1,y;=0) yl(z;=1,y;=1)
= H 000 001 21 011 X
=1
i =0,2;=1 0 =02 —
{ Z % 0,5:=0,z; )(1_%0)11(@, 0,5i=0,2;=0) s,
2 €EZ;
wﬂ(xz ,yz:1721:3)(1 _ ¢01)H(xi:079i=172i=2) >
I(ws=1,y:=0,2;=2) I(z;=1,y;=0,2,=0
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I(x;=1,y;=1,2;=3) I(z;=1,y;=1,z=1
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where 0., and C,, are as before for z = 0,1 and y = 0, 1. Note that the complete missingness of Z
has caused the term consisting of conditional probabilities of Z given X and Y to drop completely
out of the likelihood. As we might expect, the observed data provide no information about .
Note, however, that this does not mean that there is no information in the observed data about
Z. Because the domain of Z; is cut in half from 4 possible values to 2 possible values conditional
on z; and y;, there is some information in the data about the distribution of Z. This is important
because, as we will see later, many causal quantities of interest can be written as functions of

certain marginal probabilities of Z.
2.2.2 Prior and Posterior Distributions
Again, the prior discussed in Section remains a natural choice for this situation. Com-

bining this prior with the likelihood in Equation |5 gives us the following posterior density (up to

proportionality):

Coo++aoo—14Co14++ao1—1 5Cro++a10—1Cr14+a11—1
p(0,v]x,y) o Oy 01 010 011 x

08 (1= woo) ™ T (1 o)

Q/)ll%ofl(l . 7/)10)610_177@%171(1 _ ¢11)c11—1 (6)

Note that the only information about 1 is coming from the prior distribution. This implies that

inferences that depend on v will typically be sensitive to one’s choice of prior for .

3 Causal Quantities of Interest

The purpose of this section is to show how the causal quantities discussed at the beginning
of Section [2| can be calculated from 0 and, in some cases, ©¥. Because the form of these causal
quantities will depend on what (conditional) ignorability assumptions one is willing to make, we
need a terminology to distinguish these different forms of the quantities of interest. Following

Holland| (1986) we term quantities that would be true causal quantities under strong ignorability
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prima facie quantities. These are the quantities that would be calculated directly from the the
observed data under an assumption of unconfoundedness. In most non-experimental situations
the prima facie quantities will not be true causal quantities. The other types of quantities we are
interested in here are those that are generally valid causal quantities but depend on the typically
unidentified parameter 1. We term these quantities sensitivity analysis quantities. While these
quantities will be genuine causal quantities as long as SUTVA holds, the fact that the confounding
variable Z is not typically observed means that inference will be sensitive to prior beliefs about the

conditional distribution of Z in the population.

3.1 Post Intervention Distribution

As noted in Section [2] the starting point for the derivation of all causal quantities of interest
is the post-intervention distribution. This is the distribution over the potential outcomes given a
hypothetical manipulation of X applied to the entire population of units. We can write the prima

facie post intervention distribution as:

Pr,(Y (X = 0) = 0) = Pr(Y = 0/X =0)

_ b
Boo + o1

Pr,(V(X = 0) = 1) = Pr(Y = 1|X = 0)

_ o1
Boo + Oo1

Pr,(V(X = 1) = 0) = Pr(Y = 0|X = 1)

_ b
010 + 011

Pr,(V(X =1) = 1) = Pr(Y = 1|X = 1)

_ 011
b0+ 611

As we might expect, the prima facie post-intervention distribution does not depend on 1) and thus
can be consistently estimated regardless of whether or not Z is observed. The prima facie post

intervention distribution will be the true post intervention distribution if there is no confounding—
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i.e., treatment assignment is strongly ignorable. All other prima facie causal quantities can be
derived from the prima facie post-intervention.

The sensitivity analysis post intervention distribution is given by:

Pr(Y(X =0)=0) = ipr(y —0|X =0,Z =2)Pr(Z = 2)
= ;:r(zZ = 0)+Pr(Z=1)
= 010(1 — v10) + 011 (1 — ¥11) + oo
Pr(Y(X =0)=1) = ipr(y —1|X =0,Z = 2)Pr(Z = 2)
= ;r(zZ =2) + Pr(Z =3)
= 010¥10 + 011911 + bo1
Pr(Y(X =1)=0) = ipr(y —0|X =1,Z = 2)Pr(Z = 2)
= ;:(zz =0) 4+ Pr(Z =2)
= Go0(1 — ¥00) + bo1 (1 — Po1) + 610
Pry(Y(X=1)=1) = iPr(Y —1|X =1,Z =2)Pr(Z = 2)
=0

= P_r(Z =1)+Pr(Z =3)

= Bo0%oo + Go1%01 + 011

Because conditional ignorability holds according to the definition of Z, if @b were known the sensi-
tivity analysis post-intervention distribution would yield the true post intervention distribution. Of
course, 1 is never known (and typically not identified) so the sensitivity analysis post-intervention
distribution will depend on one’s prior beliefs about ). Note, however, that this sensitivity to
does not imply that there is no information in the observed data about the sensitivity analysis
post-intervention distribution and functionals thereof. We explore the the extent to which the

observed data alone are informative about causal quantities below.
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3.2 Average Treatment Effects

The average treatment effect is what most social scientists think of as “the” causal effect of X
on Y. As noted above, it describes the expected difference of Y(X = 1) and Y (X = 0) for a unit
randomly chosen from the study population. While the focus in this subsection is simply on the
average treatment effect or ATF, it is also possible to define average treatment effects within just
the treated group (AT'T) or just the control group (AT'C) and calculate bounds and sensitivity
analysis distributions for these estimands as well. We do not do that here for reasons of space. The
software that accompanies this article does allow the user to calculate ATT and ATC along with

ATE.

3.2.1 Prima Facie Average Treatment Effect

The prima facie average treatment effect is defined as:

ATE, =Pry(Y(X =1) = 1) - Pr,(Y(X = 0) = 1)

_ bn  fm
010+ 611 Ooo+ o1

If treatment assignment is strongly ignorable and SUTVA holds it is easy to show that AT E,, equals

the true average treatment effect in the population.

3.2.2 Sensitivity Analysis Average Treatment Effect

The sensitivity analysis average treatment effect is defined as:

ATE, = Pry(Y(X = 1) = 1) — Pry(Y/(X = 0) = 1)

= (Ooovoo + Oo1%01 + 011) — (610%10 + 011911 + bo1) (7)

Because of the definition of Z, AT E, will always equal the true average treatment effect as long as

SUTVA holds.
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3.2.3 Large Sample Nonparametric Bounds for the Average Treatment Effect

Following Manski (1990) we can derive nonparametric bounds for the average treatment effect
that will contain the true average treatment effect with probability 1 as sample size goes to infinity.
Inspection of Equation [7] reveals that the minimum value of AT E; will occur when g9 = 0, g1 =
0,110 = 1, and 217 = 1. Similarly, the maximum value of AT E, will occur when gy = 1,9 =
1,710 = 0, and %11 = 0. Substituting these values into the expression for AT Es and recognizing

that ATE, = ATE we see that:
ATE € [—(610 + 0o1), (Boo + 011)]

Substituting the MLEs for 6y, 601, 610, and 611 we see that (in a slight abuse of notation)

lim Pr (001+ — Clo+ < ATE < Coo+ + Cl1+> _q

n—oo n n
where it is understood that the Cp, counts also depend on n. Note that this interval will always
include 0. Further, as |Manski| (1990) has shown, and as is easy to see here since ), Zy Ory = 1,

the width of this interval will always be 1.

3.3 (Log) Relative Risk

The relative risk is the ratio of two post-intervention probabilities. It tells how many times more
likely a positive outcome is under treatment than under control. Relative risks are often of interest
in situations where the outcome variable describes a rare event. Here the AT E may be quite small
in absolute value while the relative risk is large. See |[King and Zeng| (2002)) for a discussion of the

concept of relative risk and related concepts.

3.3.1 Prima Facie (Log) Relative Risk

The prima facie relative risk is defined as:

C Pr,(Y(X=1)=
~ Pr,(Y(X =0)=

RR,

_ 011 / Oo1
010 + 011/ Boo + o1
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It will often be convenient to report the log of RR, which is referred to as the prima facie log

relative risk.

3.3.2 Sensitivity Analysis (Log) Relative Risk

The sensitivity analysis relative risk is defined as:

CPL(Y(X=1)=1)
Py (Y(X=0)=1)

~ Boovoo + Bo1%01 + 011
~ Gioth10 + O11b11 + O

RR,

3.3.3 Large Sample Nonparametric Bounds for (Log) Relative Risks

Looking at Equation [8| we see that the minimum value of RRs will occur when gy = 0,01 =
0,110 = 1, and ¢1; = 1. Similarly, the maximum value of RR; will occur when gy = 1,191 =
1,410 = 0, and 11 = 0. Substituting these values into the expression for RRs and recognizing that

RR; = RR we see that:

0 0
RRE[ 11 00+911+1]

o1 + 010+ 011" o1 Oor
Note that this interval will always include 1.

Substituting the MLEs for 6y, o1, 610, and 611 we see that (in an abuse of notation)

. Cii+ Coo+ = Ciit >
lim Pr <RR< + +1)=1
n—00 (Co1+ + Cro+ + Ci1+ Coi+ Coi+

where it is understood that the Cy4 counts depend on n. The large sample bounds for the log
relative risk can be obtained by logging the endpoints of the interval above. Unlike the bounds for
the ATE which must always have width 1, the width of the bounding interval for the RR is only

constrained to be greater than or equal to 1.

4 Bayesian Inference For Causal Effects

As we have seen in Sections [3.2.3] and [3.3.3] there is some information in just the marginal

counts Cy,y about causal quantities such as the average treatment effect and the relative risk.
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However, we have also seen that these bounds, taken on their own, cannot rule out the null values
of 0 and 1 for the AT'FE and RR respectively. Further, the large sample bounds do not allow us to
make statements about the probability that the quantity of interest is within some subset of the
bounding interval. A third problem is that while the bounds are generally valid as sample size gets
large it is less clear what one should believe about the likely value of the quantity of interest in
small samples given just the information in the bounds.

A principled method to address all of these issues is to adopt a Bayesian approach and base
inference on the posterior density in Equation [6] Taking such an approach requires one to specify
a prior distribution for (6,). In Section we argued that independent Dirichlet and Beta
distributions made sense in terms of interpretability. In the remainder of this section we discuss how
the parameters governing these prior distributions can be chosen and how one can easily summarize
the resulting posterior distribution to make inferences about causal quantities of interest such as
ATFE and RR.

4.1 Choosing a Prior Distribution

It is worth emphasizing that, unlike Bayesian inference for models which are point identified,
the impact of the choice of prior for @ on the posterior distribution for %) and functionals of that
posterior distribution will not diminish as n gets large if Z is completely unobserved. In fact,
since no new information about % is arriving as n gets large, the marginal posterior for v will
always be equal to the prior for 1. Clearly one needs to be quite careful in determining the
prior for . Specifically, one should either be able to justify a particular choice of prior by an
appeal to substantive background knowledge and/or perform a prior sensitivity analysis in which
multiple reasonable priors—including some distributions that are based on the most extreme but
still defensible assumptions that critical subject matter experts would entertain—are tried and the
associated results are reported.

As is summarized in Tables [2| and [3| each 1), represents the conditional probability of one of

the two possible configurations of potential outcomes among units in which we observe X = z
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and Y = y. Thus the Beta(byy, czy) prior for 1, can be thought of as a statement of belief that
byy —1 of the Uy 4 units have one potential outcome profile while c;, —1 of the Cyy4 units have the
other possible potential outcome profile. If byy + czy = Cpyy + 2 then the information in the prior
is equivalent to the information that would be in the sample data in the ideal case in which the
potential outcome patterns are observed for units with X =z and Y = y. If byy + czy < Cpyy + 2
then there is less information in the prior than this ideal situation and if by, + czy > Cyy4 + 2 then
the prior is adding more information than one could ever get directly from the sample data.

To clarify the relationship between the b,, and c;, parameters and potential outcomes we will
walk through the interpretation of 1y, by, and ¢z, for all x and y. An additional example of how
this works will appear in the empirical example in Section [6]

Begin with the situation in which X; = 0 and Y; = 0. Here two potential outcome profiles
are possible: Z; = 0 (never succeed) and Z; = 1 (helped). o is the conditional probability that
Z; =1 (i would be helped by treatment) given X; = 0 and Y; = 0, while 1 — )y is obviously the
conditional probability that Z; = 0 (¢ would never succeed) given X; = 0 and Y; = 0. by is the
number of pseudo Z = 1 (helped) observations + 1 and ¢y is the number of pseudo Z = 0 (never
succeed) observations + 1. If our background knowledge suggests that units for which we observe
X =0 and Y = 0 are unlikely to respond to treatment we would set cog > bgg. This implies that
Pr(Z; = never succeed |X; = 0,Y; =0) > Pr(Z; = helped | X; = 0,Y; = 0). On the other hand, if
we believe that these units are more likely than not to respond to treatment we would set bgg > cqo.
This would imply Pr(Z; = helped |X; = 0,Y; = 0) > Pr(Z; = never succeed | X; =0,Y; =0). The
absolute magnitude of by and cyg determines how sure we are of the potential outcome distribution
within the X =0, Y = 0 group.

Next consider the situation in which X; = 0 and Y; = 1. Again, two potential outcome profiles
are possible: Z; = 2 (hurt) and Z; = 3 (always succeed). ) is the conditional probability that
Z; = 3 (i would always succeed) given X; = 0 and Y; = 1, while 1—1)y; is the conditional probability

that Z; = 2 (¢ would be hurt by treatment) given X; = 0 and Y; = 1. bg; is the number of pseudo
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Z = 3 (always succeed) observations + 1 and cp; is the number of pseudo Z = 2 (hurt) observations
+ 1. If our background knowledge suggests that units for which we observe X =0 and Y =1 are
unlikely to respond to treatment we would set bg; > cg1. On the other hand, if we believe that
these units are more likely than not to respond (negatively) to treatment we would set co1 > bpi.
Again, the absolute magnitude of bg; and cg; determines how sure we are of the potential outcome
distribution within the X =0, Y =1 group.

Within the X; = 1 and Y; = 0 group the two potential outcome profiles are Z; = 0 (never
succeed) and Z; = 2 (hurt) . 19 is the conditional probability of randomly selecting a unit for
which Z; = 2 (¢ is hurt by treatment) from the X; = 1 and Y; = 0 group. bjg is the number of
pseudo Z = 2 (hurt) observations + 1 and cjg is the number of pseudo Z = 0 (never succeed)
observations + 1. Setting b1g > c¢19 would be consistent with a prior belief that more subjects tend
to respond negatively to treatment within this group, while setting c19 > b19 would be consistent
with a belief that treatment is more likely than not to have no effect on units within this group.

Finally, within the X; = 1 and Y; = 1 group we see that the two potential outcome profiles
are Z; = 1 (helped) and Z; = 3 (always succeed). ;11 is the conditional probability of seeing a
Z; = 3 (always succeed) observation within this group. by; is the number of pseudo Z = 3 (always
succeed) observations + 1 and ¢q; is the number of pseudo Z = 1 (helped) observations + 1. If one
thinks that units within this group are, on average, likely to respond positively to treatment one
would set c11 > by1. If non-responsiveness is hypothesized one would set b11 > c¢q1.

Now that we have discussed the basic interpretive issues of setting a subjective prior for
we can move on to discuss some more general strategies that be used to operationalize such a
prior. In some settings it is reasonable to assume that the treatment has a monotonic effect
on outcomes for most units under study. Put more simply, under an assumption of a generally
positive (negative) monotonic effect, the treatment may have either a positive (negative) effect
or no effect on most units but it is unlikely to have a negative (positive) effect on any but a

small fraction of units. If one believes that a generally positive monotonic treatment effect is
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reasonable then one could set by; > cg1 and by < c19- Conversely, one could set bgy < cgo
and b1 > c11 to operationalize a generally negative monotonic treatment effect. In some sense,
Manski’s (2003) monotone treatment response assumption is a limiting case of this approach in
which under a positive (negative) monotone treatment response there are absolutely no units that
are hurt (helped) by treatment. Just as in Manski’s bounds analysis, the assumption of a generally a
monotone treatment effect can greatly narrow down the likely range of causal quantities of interest.

One of the major advantages of thinking of unmeasured confounding in terms of the conditional
distribution of the potential outcomes given x; and y; is that it formulates the problem in a way
that is relatively easy for practitioners to reason about while remaining completely general. In
order to apply the methods presented here, a researcher only needs to be able to reason about
eight easily understood quantities— only four of which are completely free parameters. This is true
regardless of the form of unmeasured confounding in his or her study. Contrast this with approaches
to sensitivity analysis that attempt to directly model the relationships between the confounding
variable(s) and outcomes and the confounding variable(s) and treatment status (Schlesselman,|1978;
Rosenbaum and Rubinl [1983a; |Lin et al., |1998]). Such approaches require the practitioner to make
assumptions about a) the nature of the confounding variable (whether it is univariate/multivariate,
discrete/continuous, etc.) as well as b) the association between this assumed confounder and
outcomes and treatment status. As (Robins, 1999, p. 172) and (Brumback et al., 2004, p. 763)
have argued, it is “essentially impossible” for researchers to reason about a) and that even if the
nature of the confounding variables can be assumed it is difficult for most practitioners to reason

about the necessary associations.

4.2 Posterior Inference

It is relatively easy to show that the posterior distributions for € and v discussed in Sections
and [2.2] can all be sampled from using simple independent Monte Carlo sampling. Markov chain

Monte Carlo is not necessary. Once a sample of (6, 1)) is available from the posterior distribution
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of interest it is a simple matter to plug the draws of these parameters into the formulas for the
post-intervention distribution, average treatment effects, relative risk, etc. in order to obtain the
posterior distribution over these causal quantities of interest. To produce a Monte Carlo sample of

size m from the distribution with density given (up to proportionality) by Equation @] we can use

Algorithm

Algorithm 4.1: POSTERIORSAMPLINGUNOBSERVEDZ(C, a, b, c,m)

for j —1tom

0(]1) — rdirichlet(Coot + ago, Co1+ + ao1, Ciot + a0, Cr1+ + a11)
(()j — rbeta(boo, coo)

do ¢(()j1
e

i

~

— Tbeta(bm, 001)

=

— rbeta(blg, 610)

~

— rbeta(byy, c11)

return ({80}, (S, fod)yry, (@, (il )

Here rdirichlet(d, e, f, g) is a function that returns a pseudo-random draw from a Dirichlet(d, e, f, g)
distribution and rbeta(d, e) is a function that returns a pseudo-random draw from a Beta(d, e) dis-

tribution.

4.2.1 Inference for Causal Quantities of Interest

Once a sample {U), U )}9”:1 from the posterior distribution of (6,1) has been drawn it is
quite easy to plug these draws into the formulas for causal quantities of interest given in Section
to obtain a sample from the posterior distribution of the causal quantity of interest.

For instance a sample from the posterior distribution of the prima facie average treatment effect
({ATE,()j ) '1) can be constructed by taking the jth sample to be

0

ATEU) — —
N , , . .
oo )

forj=1,...,m.

Similarly, a sample from the posterior distribution of the sensitivity analysis average treatment
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effect ({ATEgj )};»”:1) can be constructed by taking the jth sample to be

AT = (6000 + 0t + o) — (0 -+ 00080 + )
for j = 1,...,m. Samples from the posterior distributions of other causal quantities of interest

follow analogously.

Once one has a sample from the posterior distribution of interest it is a simple matter to
summarize the distribution by calculating density estimates, highest posterior density regions (the
smallest region that contains a pre-specified amount of the posterior mass), the probability that
a quantity of interest is greater than 0, etc. using the sampled parameter values. See |[Jackman
(2000); King et al.| (2000); Gelman et al.| (2003) and |Gill| (2007) for discussions of how posterior

samples can be summarized.

5 Ranges of 1) Consistent With a Given Prima Facie Post-Intervention
Distribution: The Confounding Plot

While the subjective Bayesian approach outlined above takes beliefs about 1 as input and
returns a subjective probability distribution over causal effects, we can also reverse this process
and start with a particular prima facie post-intervention distribution and ask what values of 1 will
result in a sensitivity analysis post-intervention distribution that is within some tolerance of the
given prima facie post-intervention distribution.

Formally, for a given values of gy, 0p1, 610 and 617 we seek to find all values of ¥qg, Y01, Y10 and

111 for which

[Pr,(Y(X =0) =0) — Pry(Y(X =0) =0)| = o _ (O10(1 — 10) + 011 (1 — 11) + 000)| < €
oo + Oo1
9)
and
[Pr,(Y(X =0)=1) - Pry(Y(X =0) =1)| = 00094—01901 — (610v10 + 011911 +601)| < e (10)
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and

[Pr,(Y(X =1)=0) = Prs(Y(X =1) =0)| = 9109_3011 — (Boo(1 — o) + Oo1(1 — 2bo1) + O10)| < €
(11)

and
Pr,(Y(X=1)=1)-Prs(Y(X =1)=1)| = 9109+1i‘711 — (Bootoo + o101 +011)| <€  (12)

for some small positive e. Note that Inequalities [9 and only depend on w19 and 17 while
Inequalities and only depend on gy and 9. It is thus possible to depict all values of
o0, Yo1, Y10 and 111 that satisfy Inequalities [J] - [[2| with a pair of 2-dimensional plots— one of 1)1
and 11 and another of 1o and 1g1. Figure [4] depicts how these plots look for particular value of
foo, o1, 010, 011, and €.

Because this method does not account for sampling variability it is most appropriate for situ-
ations in which all of the cells in the 2 x 2 table have a reasonably large number of observations.
We note in passing the similarity of the plots above to the tomography plots of King (1997) that
are useful for ecological inference. Indeed, the situation under consideration in this paper in which
Cyy+ are all fully observed but the joint C,,. counts are not observed can be thought of as a

particular type of ecological inference problem (Richardson, 2004)).

6 Example: Jury Aversion and Voter Registration Revisited

In this section, the methods discussed previously will be applied to data from a study by |Oliver
and Wolfinger (1999) which looks at the extent to which perceiving jury lists to be constructed from
voter registration lists causes a decrease in voter registration. As Oliver and Wolfinger note, there
is a widespread belief among election officials and some scholars that the practice of drawing jury
lists from voter registration records depresses voter registration and hence turnout. To estimate
the extent to which aversion to jury duty depresses voter registration, Oliver and Wolfinger use
data from the 1991 ANES Pilot Study (Miller et al., [1991)). The simplest tabulation of the data

used by Oliver and Wolfinger appears in Table
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If one were to assume that treatment assignment is strongly ignorable one could analyze this
2 x 2 table as if it were a randomized experiment. Doing so we see that the posterior mean of
the prima facie average treatment effect is equal to -0.076 with associated 95% highest posterior
density (HPD) region [—0.134, —0.016] and the posterior mean of the prima facie log relative risk
is -0.090 with 95% HPD region [—0.159, —0.019]. The posterior probability that the prima facie
average treatment effect is less than 0 is 0.991. The same is true for the prima facie log relative
risk.

These results would seem to suggest that within the portion of the population that has some
knowledge of how jury lists are constructed (a little over half the ANES sample) a belief that voter
registration records are used to build jury lists decreases voter registration by about 7 and a half
percentage points. In terms of relative risk, those who do not think that jury lists are constructed
from voter lists are about 9.4% more likely to register to vote than those who do think jury lists are
built from voter lists. These results suggest a moderate negative effect that would be consistent with
the jury aversion hypothesis. Nonetheless, since these results rely on the implausible assumption of
ignorable treatment assignment one would be correct to regard these prima facie results with more
than a little suspicion.

6.1 Bayesian Analysis of the 2 x 2 Table Under Non-Informative Priors

As an initial step toward determine what one should infer about the effect of jury aversion of
voter registration we calculate the AT F; and RRs under three different non-informative priors for
. The first corresponds to a uniform prior over each element of 1. Formally, 1, ~ Beta(1,1) for
all z and y. The second prior corresponds to the Jeffreys prior v, ~ Beta(0.5,0.5) for all z and y.
We also examine results under the assumption that 1., ~ Beta(0.001,0.001).

Graphical depictions of these results along with the prima facie results and the large sample
nonparametric bounds are presented in Figure|ll Here we see that the large sample nonparametric
bounds for the average treatment effect are ATE € [—0.343,0.657] and the bounds for the log

relative risk are log(RR) € [—0.434,1.491]. Assuming that there may be unmeasured confounding,
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Wy ~ Beta(1, 1) ¥, ~ Beta(0.5, 0.5) i, ~ Beta(0.001, 0.001)

Density
Density
Density
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Figure 1: Posterior Distributions of Prima Facie and Sensitivity Analysis Average Treatment Ef-
fects and Relative Risks for Data in Table[1] Under Non-Informative Priors. The green line in each
panel is the posterior density of the prima facie ATE or RR (solid line depicts 95% highest posterior
density region). The purple polygons depict the posterior density of the sensitivity analysis ATE or
RR under alternative priors for ¢ (dark purple denotes the 95% highest posterior density region).
The horizontal light blue line in each each figure denotes the region inside the large sample non-
parametric bounds for the estimand. The leftmost panels are from the model that assumes uniform
prior distributions for all ¢ parameters. The center panels are from the model that assumes a
Beta(0.5,0.5) prior distributions for all ¢ parameters. Finally, the rightmost panels are from the
model that assumes Beta(0.001,0.001) prior distributions for all ¢ parameters.

but nothing at all about the form of that confounding, we should believe that the AT'E and log(RR)
are within the above intervals. However, we cannot say how likely these quantities are to be within
any subregion of these intervals. To do that we need to specify a prior distribution for .

Under the Beta(1,1) prior we see that the posterior mean of the ATE, is 0.157 with asso-
ciated 95% HPD region [—0.189,0.506] and that the posterior mean of log(RR;) is 0.294 with

95% HPD region [—0.284,0.990]. Under the Beta(0.5,0.5) prior the posterior mean of ATFEj is
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0.157 with 95% HPD region [—0.246,0.562] while the posterior mean of log(RR;) is 0.324 with
95% HPD region [—0.356,1.149]. In both cases, there is little posterior mass near the endpoints
of the large sample bounds. Something different happens when we adopt the Beta(0.001,0.001)
prior. This prior puts most of the prior mass very near v¢,, = 0 and 9, = 1. As a re-
sult, the posterior distributions for AT E, and log(RRs) become multimodal. Further, because
of the finite sample size, some non-negligible posterior mass is placed outside the large-sample
bounds of both ATE and log(RR). Specifically, we see that the 95% HPD region for ATE; is:
[—0.377,—0.258] U [-0.23, —0.097] U [—0.053,0.076] U [0.235,0.692] and the 95% HPD region for
log(RR;) is: [—0.481, —0.096] U [—0.094, 0.076] U [0.538, 1.563]. Indeed, one of the advantages of the
approach taken in this paper is that it remains valid in finite samples of any size. On the whole,
looking at these results under various non-informative prior distributions would suggest that there

is not enough evidence to reject the null of ATE = 0 and log(RR) = 0.

6.2 Bayesian Analysis of the 2 x 2 Table Under Informative Priors

While such an analysis under a series of non-informative prior distributions may seem com-
pelling, one needs to remember that since no sample information about 1 is available, even these
“non-informative” prior distributions are building in some assumptions that may be at odds with
scientific knowledge or common sense. For instance, all three of the “non-informative” priors used
above are symmetric around 0.5 and thus have the property that the prior density for 1, is the
same as the prior density for 1 — v,,. Further, since b,, and c,, were assumed to equal the same
constant for all z and y it follows that the marginal prior distributions for all of the v, parameters
are equivalent. This means, for instance, that these priors embody the assumption that the fraction
of units hurt by treatment in the (X = 1,¥ = 0) group is equal to the fraction of units helped by
treatment in the (X = 0,Y = 0) group. This is an implausible assumption in most applications

where there is even a hint of background knowledge— including the current application.
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Figure 3: Posterior Distributions of Prima Facie and Sensitivity Analysis Average Treatment Effects
and Relative Risks for Data in Table 1| Under Informative Subjective Priors. The green line in
each panel is the posterior density of the prima facie ATE or RR (solid line depicts 95% highest
posterior density region). The purple polygons depict the posterior density of the sensitivity analysis
ATE or RR under alternative priors for 1 (dark purple denotes the 95% highest posterior density
region). The horizontal light blue line in each each figure denotes the region inside the large sample
nonparametric bounds on the estimand. The leftmost panels (column (a)) are from the model in
which bo() = 0.02,600 = 10,b01 = 17,601 = 5,b10 = 5,010 = 17, b11 = 10, and C11 — 0.02. The
center panels (column (b)) are from the model in which byy = 0.02, cgg = 10, bp1 = 25, co1 = 3,b19 =
3,c10 = 25,b11 = 10, and ¢17 = 0.02 . Finally, the rightmost panels (column (c)) are from the model
that assumes boo = 002, Coo — 10, b01 = 45, Co1 = 35, b10 = 35, Cl10 = 45, b11 = 10, and C11 = 0.02

In this application it seems relatively uncontroversial to assume that perceiving jury lists to be
drawn from voter lists should not cause anyone to vote who would not have voted absent such a
belief. In other words, it seems safe to assume a negative monotonic treatment effect. Put still
another way, we do not anticipate a jury attraction effect. At most one would expect that only

a minuscule fraction of the population is helped by the treatment variable. We operationalize

this belief by assuming g9 ~ Beta(0.02,10) and 11 ~ Beta(10,0.02). Under such a prior, the
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probability that the percentage of helped individuals in the (X = 0,Y = 0) group is less than 2%
is 0.975. The same is true for the percentage of helped individuals in the (X = 1,Y = 1) group.
As we will see below, this relatively uncontroversial assumption allows us to greatly narrow down
the range of plausible ATE and RR values.

It seems that a wider range of defensible subjective beliefs are possible about ¢p; and 11g. Recall
that t); is the fraction of always succeed individuals and (1 —1)p1) is the fraction of hurt individuals
in the (X = 0,Y = 1) group, while 11 is the fraction of hurt individuals and (1—1)1¢) is the fraction
of never succeed individuals in the (X = 1,Y = 0) group. Researchers who hypothesize that there
is a large jury aversion effect will believe that g is relatively small and 1q is relatively large. On
the other hand, researchers who think that such an effect is small or essentially nonexistent will
believe that 1 is close to 1 and 1¢ is close to 0. We operationalize these beliefs, along with beliefs
in between these extremes with three prior distributions. We label these priors (a), (b), and (c).
Prior (a) represents a belief that there is a fairly substantial jury aversion effect, (b) is a belief in a
moderate effect, and (c) is a belief in a fairly small effect. Figure|2| plots the prior densities for each
element of 1) under each set of prior beliefs. Note that in all three priors we assume an essentially
negative monotonic treatment effect by assuming g9 ~ Beta(0.02,10) and 111 ~ Beta(10,0.02).

Under prior (a) we assume g1 ~ Beta(17,5) and 19 ~ Beta(5,17). This is consistent with a
belief that there is a 95% chance that the fraction of hurt individuals in the (X = 0,Y = 1) group is
between 0.082 and 0.419. The same is true for the fraction of hurt individuals in the (X =1,Y = 0)
group. In each case, the median fraction of hurt individuals is believed to be 0.219. We think very
few researchers believe that more than about 40% of the individuals in these groups would be (or
were) swayed to abstain from registering to vote solely by a belief that registering may make them
slightly more likely to serve jury duty. Similarly, the lower bound of about 8% is consistent with a
small but noticeable jury aversion effect. We think prior (a) is a reasonable representation of the
beliefs of someone who believes in a fairly sizable, but still plausible jury aversion effect.

Prior (c) is designed to represent the beliefs of someone much more skeptical of any such effect.
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Here we assume that g1 ~ Beta(45,3.5) and 119 ~ Beta(3.5,45). This is consistent with a belief
that there is a 95% chance that the fraction of hurt individuals in the (X = 0,Y = 1) group is
between 0.018 and 0.159. The same is true for the fraction of hurt individuals in the (X =1,Y = 0)
group. The prior median of each of these fractions is 0.066. While this prior assumes that the
fractions of individual who are hurt by treatment is probably less than about 15% of each of the
two relevant treatment-outcome groups it is still consistent with a negative jury aversion effect.
Indeed, the expected fractions of hurt individuals in each of the two relevant outcome-treatment
groups is about 7% which would not seem to be completely negligible.

Prior (b) falls somewhere between priors (a) and (c). Here we assume that ¢y ~ Beta(25,3)
and 110 ~ Beta(3,25). This is consistent with a belief that there is a 95% chance that the fraction
of hurt individuals in the (X = 0,Y = 1) group is between 0.024 and 0.243. The same is true for
the fraction of hurt individuals in the (X = 1,Y = 0) group. The prior median of each of these
fractions is 0.098.

Results from analyses under priors (a), (b), and (c) are plotted in Figure (3] The first thing that
is apparent from this figure is that the subjective priors have greatly decreased the plausible range
of the causal effects of interest. By assuming an essentially negative monotonic treatment effect we
forced most of the posterior mass to be to the left of 0. Given that the large sample nonparametric
bounds were asymmetric around 0 with more room to the right of 0, this prior assumption adds a
lot of information in a way that we think is relatively uncontroversial.

Where exactly to the left of 0 most of the posterior mass lies depends on one’s prior beliefs
about 11 and 119. Under prior (a) we see that the posterior mean of ATFE is -0.077 with 95%
HPD region [—0.124, —0.035]. This is quite similar to the prima facie ATE. Under prior (b) the
posterior mean of ATE; is -0.035 with 95% HPD region [—0.067,—0.010]. Finally, under prior
(c¢) we have that the posterior mean of ATE; is -0.023 with 95% HPD region [—0.046, —0.006].
From this analysis we would conclude that the prima facie results derived from the simple 2 x 2

table can be supported with not implausible beliefs about unmeasured confounding. However, such
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Figure 4: Values of 100, %01, %10 and ¢11 for which |Pr,(Y(X =2) =y) - Pry,(Y(X =2) =y)| <
0.025 for x = 0,1 and y = 0,1 when Ogp = 0.026, Op; = 0.191, 619 = 0.152, 617 = 0.631. These 6
values correspond to the posterior mean values of these parameters given the data in Table [I| and
a non-informative prior for 8. The shaded regions depict values that satisfy the inequality above.

beliefs are at the extreme of what we think are reasonable. Other reasonable beliefs about potential

unmeasured confounding yield much smaller (and substantively unimportant) jury aversion effects.

6.3 Ranges of 1) Consistent with the Estimated Prima Facie Post-Intervention
Distribution

A more comprehensive picture of what beliefs about ¥ can support inferences close to the prima
facie inferences can be obtained by looking at the confounding plot discussed in Section [bl Figure
plots the values of ¥, Y01, Y10 and 11 for which
|Pr,(Y(X =2) =y) —Pry(Y(X =2) =y)| <0.025 for x = 0,1 and y = 0,1 when 0 is set to its
posterior mean value.

Here we see that inferences are relatively insensitive to beliefs about go— any value of g
between 0 and 1 can produce a sensitivity analysis post-intervention distribution that is close to
the prima facie post-intervention distribution. This should not be unexpected given the relatively

small fraction of observations that fall in the (X = 0,Y = 0) cell. However, the prima facie
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inferences are quite sensitive to beliefs about 1;— the fraction of always succeed individuals in
the (X = 1,Y = 1) cell. This parameter must be between about 0.8 and 1 in order for the
sensitivity analysis post intervention distribution to be close to its prima facie counterpart. As we
argued above, it seems quite reasonable to assume that 17 is very close to 1 in this application
(there is essentially no jury attraction effect) so this sensitivity to 11 may not be so important.
More important is the sensitivity of the prima facie results to the values of ¥g; and 119. Here we
see that the fraction of hurt individuals in the (X = 0,Y = 1) cell cannot be too great while the

fraction of hurt individuals in the (X = 1,Y = 0) cell has to be be moderately large.

6.4 Dealing with a Measured Confounder: Bayesian Analysis of a 2x2 x5 Table

We can also use Bayesian methods to model general unmeasured confounding while simulta-
neously adjusting for measured confounders. Here we deal with the situation in which there is a
single measured confounder. However, the same techniques could, in principle, be used to deal with
multiple measured confounders that are all discrete.

Table 4] presents the data in Table [1| broken down by occupational category (W = 0: self-
employed, W = 1: hourly workers, W = 2: others working, W = 3: not in workforce, W = 4:
retired). Since the costs associated with serving jury duty are, to a large extent, tied to one’s
occupation and since occupational status is believed to have some effect on political participation
we expect occupation to act as a confounder and it would seem sensible to adjust for this measured
confounder. Such an adjustment would be especially useful if we thought it removed most of
the confounding bias (unlikely in this application) and/or if it made it easier to reason about the
unobserved potential outcomes (somewhat true in this case). In situations where adjustment for the
measured confounding variables is thought to remove only a small portion of the confounding bias
it is not always clear whether the additional information provided by conditioning on the measured
confounding variables outweighs the additional complication of formulating a prior conditional on

X, Y, and the measured confounders.
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If we are willing to assume the measured confounder W is discrete with K categories it is
appropriate to perform the simple 2 x 2 analyses described above separately within each of the
k=0,...,K —1 levels of W and then weight by ¢, = Pr(W = k). Somewhat more formally, we

can write the likelihood for the observed data marginalized over the unobserved Z variables as:

p(W,X,y‘(p,O,’l,fJ) = H Z p(wiaxiayiazi’(pae,dj)

i=12z,€Z;
n
= [ p(ws zi,yil9.0) S D p(zilwi, xi, 43, )
i=1 Zi€Z;
n
= Hp(wi|¢)l7($i,yi|wi39) Z p(zilwi, x4, yi, )
=1 2 €EZ;

where the p(w;|¢) term is a multinomial mass function with probability vector ¢ and multinomial
sample size 1, p(x;, yi|w;, @) is a multinomial mass function that depends on the value of w; with
probabilities Oyg|w, s Oo1)w; » 10[w;> O11]w; and multinomial sample size 1, and the term involving the
sum over Z consists of 4K Bernoulli mass functions with parameters ©ggjw; , Y01}w;> Y10w; a0d Y11)u; -
Note that everything is analogous to the 2 x 2 analysis except for the conditioning on w; throughout.

Now that we are explicitly adjusting for W the prima facie post-intervention distribution must
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be redefined to account for this adjustment. It becomes:

K-1
Prp,(Y(X =0)=0) = Pr(Y =0/X =0,W = w) Pr(W = w)
w=0
_ = 000w s
by 00w + 01w Y
K-1
Prp,(Y(X =0)=1)= Pr(Y =1|1X =0,W = w) Pr(W = w)
w=0
B = o 5
= Ooopw + Oorjw
K-1
Pr,(Y(X =1)=0)= > Pr(Y =0|X = 1,W = w) Pr(W = w)
w=0
_ = 910|w ¢
= biojw + 11w b
K-1
Pr(Y(X =1)=1)= > Pr(Y =1|X = 1,W = w) Pr(W = w)
w=0
. = 911|w ¢
by 0100w + 011w b
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Similarly, the sensitivity analysis post-intervention distribution becomes:

K-1 3

ZPr =0X=0,W=w,Z =2)Pr(Z = 2|W = w) Pr(W = w)
w=0 z=0

K—1

010w (1 = Y10jw) + 0111w (1 = Y11}w) + Ooojw] Puw

Pro(Y(X =

M

w=0
K-1 3
Prop,(Y(X =0)=1)= > Y Pr(Y =1|X =0,W =w, Z = 2) Pr(Z = 2|W = w) Pr(W = w)
w=0 z2=0
K—1
= [010[w¥101w + 111w P 11w + Oo1)w] Puw
w=0
K-1 3
Prep(Y(X =1)=0) = ZPr(Y =0X=1,W=w,Z =2)Pr(Z =2|W = w) Pr(W = w)
w=0 z=0
K-1
= > 0001w (1 = %oojw) + o1} (1 — Yo1jw) + O10]w)Puw
w=0
K-1 3
Pro,(Y(X =1)=1)= > Y Pr(Y =1|X =1,W =w, Z = 2) Pr(Z = 2|W = w) Pr(W = w)
w=0 z=0
K-1
= > [000jw®oojw * o1jw®o1}w + O11)w]Pw
w=0

Prima facie and sensitivity analysis average treatment effects and relative risks are defined in the
usual way from these post-intervention distributions. After a bit of algebra it can be shown that
the large sample nonparametric bounds for the ATE and RR do not change when moving from
the simple 2 x 2 analysis to the analysis in which a nonparametric adjustment is made for W and
no additional conditional independence assumptions are made.

We perform two analyses that explicitly adjust for reported occupation. In the first analysis we
assume a uniform prior for each of the 20 1,,,, parameters. The second analysis assumes byg|,, =
0.02, coopw = 10, bp1jw = 25, 1w = 3, b1ojw = 35 C1ow = 25, b1 = 10, ¢11)y, = 0.02 for w = 0,1,2
and boj,, = 0.02, cooy = 10, bg1jw = 15, Co1w = 1, b10jw = 1, ¢10jw = 15,0110 = 10, €11}y = 0.02 for
w = 3,4. This informative subjective prior assumes that there is an essentially negative monotonic
treatment effect and that the largest effects are found among those who are working (w = 0,1, 2).

In both analyses we assume non-informative priors for 8 and ¢. Figure [5| displays the results of
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these analyses graphically.

Looking at these results we see that the posterior mean of ATE,, is -0.082 with 95% HPD
interval [—.137 — 0.024] and the posterior mean of log(RR)p, is -0.100 with 95% HPD interval
[—0.162, —0.028] note that these results are quite close to those for AT'E,, and RR,, suggesting that,
by itself, reported occupational category is not a serious confounder. Although it is worth noting
that the effects adjusted for occupation are slightly larger in magnitude and the intervals have
narrowed somewhat.

Under the uniform prior for each t,,,, we see that the posterior mean of AT Eg, is 0.156 with
95% HPD region [—0.039, 0.351] and the posterior mean of log(RR) 4, is 0.250 with 95% HPD region
[—0.064,0.586]. Note the dramatic narrowing of the HPD intervals here relative to the intervals for
from the uniform prior for 9., unconditional on occupation. As we might expect, conditioning on
a measured confounder tends to decrease the variability of one’s estimates.

Looking at the results under the subjective prior on @ we see that the posterior mean of AT Eg,,
is -0.031 with 95% HPD region [—0.048, —0.016] and the posterior mean of log(RR)s,, is -0.038 with
95% HPD interval [—0.058, —0.021]. Again, these results are roughly consistent with those from
the appropriate 2 x 2 analysis except that the sampling variability has decreased after adjusting
for occupation.

It is reassuring to note that the results presented here based on justifiable subjective prior
distributions correspond closely at a qualitative level to the results of |Oliver and Wolfinger| (1999)
who adjusted for a number measured covariates that were available in the original dataset. While
Oliver and Wolfinger do not explicitly calculate the same causal effects as we have in this paper
they reach a similar qualitative conclusion. To cite from their conclusion:

There is a grain—but no more than a grain—of truth to the belief that jury aversion
reduces voter registration... People who believe that registering makes them susceptible
to jury service are slightly less likely to be registered than those who identify other

sources. This aversion to jury service is responsible for a drop in voter turnout of less
than one percentage point. (p. 151)
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Figure 5: Posterior Distributions of Prima Facie and Sensitivity Analysis Average Treatment Effects
and Relative Risks for Data in Table [, The green line in each panel is the posterior density of
the prima facie ATE or RR (solid line depicts 95% highest posterior density region). The purple
polygons depict the posterior density of the sensitivity analysis ATE or RR under alternative priors
for v (dark purple denotes the 95% highest posterior density region). The horizontal light blue
line in each each figure denotes the region inside the large sample nonparametric bounds on the
estimand. The leftmost panels (column (a)) are from a model in which a uniform prior is assumed
for each element of v within each occupational category. The rightmost panels (column (b)) are
from the model that assumes by, = 0.02,cqop, = 10,001 = 25, o110 = 3, b10jw = 3, Cropw =
25, b11jw = 10, €11 = 0.02 for w = 0,1,2 and bygju = 0.02, oo = 10, bo1w = 15, o1y = 1, bigju =
L, cropw = 15,011 = 10, €11}y, = 0.02 for w = 3,4. This informative subjective prior assumes that
there is an essentially negative monotonic treatment effect and that the largest effects are found
among those who are working (w =0, 1, 2).
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7 Discussion

All counterfactual causal inferences require fundamentally untestable causal assumptions. In
a well-run randomized controlled experiment the necessary assumptions for point identification of
causal effects are so plausible that they hardly appear to be assumptions. However, as one moves
away from the experimental ideal the necessary ignorability assumptions typically become less
plausible. Better research designs and improved estimation strategies can do much to help decrease
the impact of confounding bias. Nonetheless, researchers still need to make causal assumptions in
order to make causal inferences. The development of methods of sensitivity analyses for situations
in which unmeasured confounding is present, as is done in this paper, serves to shift empirical
social science research away from the all too typical enterprise of defending indefensible causal
assumptions to the practice of honestly stating the range of assumptions that are consistent with a
particular type of causal effect. This has the potential to accelerate the accumulation of knowledge
in the social sciences.

While the running example in this paper dealt with a large sample survey of U.S. citizens, the
methods discussed here are just as, if not more, relevant for qualitative researchers in comparative
politics and international relations who typically deal with much smaller numbers of cases. Indeed,
as [Sekhon| (2004) has pointed out, causal claims in such settings typically involve the same sorts
of counterfactuals considered here (see also [Fearon (1991)) and Hawthorn| (1993)). The methods
presented here merely require researchers to specify their beliefs about four relevant counterfactual
quantities— the fractions of “helped”, “hurt”, “always succeed”, and “never succeed” units within
various observed combinations of X and Y. To the extent that the consideration of various coun-
terfactuals is what researchers in these fields already do, the methods presented in this paper can
be seen as a way to ensure that the conclusions reached by these scholars are logically consistent
with the counterfactual claims they are willing to maintain. Further, because researchers in these

fields are often unable to collect additional data on many important confounding variables they
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often find themselves dealing with simple 2 x 2 and 2 x 2 x K contingency tables where substantial

unmeasured confounding is thought to be present.
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W = 0 Self-Employed

Y=0 Y=1
Did Not Register | Did Register
to Vote to Vote
X=0
Perceived Source of Jury Lists 1 21
Does Not Include Voter Lists
X=1
Perceived Source of Jury Lists 10 93
Does Include Voter Lists

W =1 Hourly Workers

Y=0 Y=1
Did Not Register | Did Register
to Vote to Vote
X=0
Perceived Source of Jury Lists 5 32
Does Not Include Voter Lists
X=1
Perceived Source of Jury Lists 27 92
Does Include Voter Lists

W = 2 Others Working

Y =0 Y=1
Did Not Register | Did Register
to Vote to Vote
X=0
Perceived Source of Jury Lists 4 44
Does Not Include Voter Lists
X=1
Perceived Source of Jury Lists 52 186
Does Include Voter Lists

W = 3 Not in Workforce

Y=0 Y=1
Did Not Register | Did Register
to Vote to Vote
X=0
Perceived Source of Jury Lists 7 20
Does Not Include Voter Lists
X=1
Perceived Source of Jury Lists 19 47
Does Include Voter Lists
W = 4 Retired
Y=0 Y=1
Did Not Register | Did Register
to Vote to Vote
X=0
Perceived Source of Jury Lists 2 26
Does Not Include Voter Lists
X=1
Perceived Source of Jury Lists 6 55
Does Include Voter Lists

Table 4: Perceived Source of Jury Lists and Voter Registration Among Citizens With Some Self
Reported Knowledge of How Jury Lists are Constructed by Occupational Category. Each entry is
the number of citizens in that category. Data from Table 2 of Oliver and Wolfinger| (1999)).
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